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Stability of B7 Fibers

Patricia Bauman and Daniel Phillips
Mathematics Department, Purdue University,
West Lafayette, IN, USA

Recent experimental studies have found that fluid smectic phases of bent core
liquid crystals form stable free standing fibers with extremely high slenderness
ratios. In [1] a model was proposed to explain their formation based on the distinc-
tive packing properties of bent core molecules in the SmCG phase. Here we develop
this model further to include smectic energy terms so as to allow more general
configurations and fields. We show that the relative size of the energy’s elasticity
constants can be used to determine the stability (instability) of circular fibers.

Keywords: B7 phase; bent core liquid crystals; fiber; smectic

INTRODUCTION

In this article we describe our analysis of a model for free standing
fibers formed from concentric, smectic layers of kinked liquid crystal
mesogens. Smectic liquid crystal molecules self organize into layers
by molecular packing, taking into account both their physical and
electrostatic portraits. For the case of the kinked molecules considered
here (double tilted SmCGmesogens in the B7 phase) the layers further
organize concentrically about a thread-like core into a fluid fiber of
extremely high slenderness ratio. In Bailey et al. [1] formulated and
studied a model so as to explain the fiber formation they found in their
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experiments and those of others. Our work further analyzes this
model. A more detailed version of this analysis is in [2].

In a number of experiments [3,4] it is observed that the cross-
section of a fiber drawn in air is independent of its length. Assuming
this the problem of describing a fiber is posed as a free boundary
problem for the cross-section with its free energy per unit length based
on the distinctive elastic (molecular packing) and electrostatic proper-
ties of bent core liquid crystals. The analysis in [1] was limited to fibers
with circular cross-sections and cylindrically constant fields. In the
present paper we further develop this model by including energy
terms for smectic layer formation, so as to allow for more general
cross-sections, fields, and smectic layer structures. This is relevant
since fibers with circular cross-sections as well as ones with small
surface undulations are observed [3–5].

In our formulation the inner core and outer fiber surface are free
boundaries. We prove the existence of equilibrium configurations with
circular cross-sections and investigate their stability relative to
general variations of the fiber cross-section. The liquid crystalline
material is in a smectic C phase. As such there is an energetic cost
to smectic layer bending. If the term in the energy corresponding
to this is comparable to the Frank–Oseen energy we prove that the
circular configurations are stable. If however the smectic layer
energy is the dominant elastic contribution we prove that circular
equilibria become unstable relative to deformations with small surface
undulations.

THE MODEL

Bent core liquid crystal molecules are banana-shaped as in Figure 1
and are described by two orthonormal vectors n and p. We view the
molecule as two dimensional lying in the molecular plane spanned
by n and p. Here n is parallel to the chord connecting the two ends
of the molecule and p points toward the kink in the molecule from
the midpoint of the chord. Because of its shape the molecule carries
a microscopic polarization parallel to p. We do not distinguish between
the microscope fields n and p and the corresponding macroscopic ones
representing their local averages. We denote n as the director and p as
the polarization vector.

Consider a cylindrical fiber with axis ex3, cross section R, and core
X0��R� x1x2 plane. The region X :¼ Rn�XX0 is an annular domain; that
is R and X0 are open bounded simply connected sets with smooth
boundaries C0:¼ @X0 and C1:¼ @R. Here X represents the cross-section
of the smectic region, and n, p : �XX ! S

2 (See Figure 2).
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Let k be a unit layer normal at a given point x0 and u a unit vector
perpendicular to k. Then the molecular orientation at x0 given
through n(x0) and p(x0) is expressed in terms of three angles h, a,
and / relative to k and u as depicted in Figure 3. Here 0< h< p is
the tilt angle between n and k; jaj � p is the angle obtained by
rotating k�n to p, about n using a right-hand rule; a measures the

FIGURE 1 Bent core molecule.

FIGURE 2 (a) Cross-section, (b) local layer structure, (c) fiber.
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tilt of the molecular plane away from k�n; / mod 2p is the azimuthal
angle measuring the rotation of the molecule about k away from u
toward k�n. Note that varying h and a affects the molecule’s height
(layer thickness) while varying / does not. Because of this h and a
are called stiff variables while / is labeled a soft variable.

The free energy per unit length of the fiber, F , is determined by
taking into account elastic energy (measured by layer strain and
compression), polar divergence, electric self-interaction, and surface
tension:

F :¼ FSm þ FF þ FC þ FP þ FEl þ FSu:

The cross-section of the fiber’s smectic portion is described by X and a
function x (x1, x2) with x¼ 0 on the outer boundary and x¼ const. < 0
on the core boundary such that the cross-sections of the smectic layers
foliating X correspond to level curves of x (see Fig. 2a). Variations in
layer thickness from material dependent ground state values are
energetically expensive. In contrast to this the layers themselves
can undergo deformations with a (relatively) small cost in energy. A
liquid crystal is in the smectic A phase if the director is parallel to
the layer normal within the bulk and in the smectic C phase if the
angle, h0, between the normal and n is such that 0< h0< p. The liquid
crystals studied here are in the smectic C phase. The smectic C mate-
rial has bulk layer thickness d0 and tilt angle h0. A Chen–Lubensky
energy density [6], fCL(w, n) is used where w is the complex order para-
meter w¼eiqx(x) where q :¼ 2p

d0
,

FIGURE 3 Molecular angles.
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fCL :¼ a?
q2

ðD �D?wÞ2 � c?jD?wj2 þ
ak
q2

ðD �D?wÞ2 þ ckjDkwj2 þ
q2C2

?
4a?

jwj2 :

Here a?, c?, ak, ck> 0 are such that

sin2 h0 ¼ c?
2a?

; r ¼ ð@x1; @x2; @x3Þ;

D¼r– i cos h0qn, Dk¼ (n �D – i cos h0q)n, and D?¼D�Dn. Evaluating
fCL

fCL ¼ a?ðdivðr?xÞÞ2 þ akðdivðrkx� cos h0nÞÞ2 þ q2½a?ðjr?xj2

� sin2 h0Þ2 þ akjrkx� cos h0nj4 þ ckjrkx� cos h0nj2�;

where rkx¼ (n�rx)n and r?x¼rx�rkx. Here q is understood to be
large and one sees that part of the rational for the form of fCL is to
favor pure smectic C configurations, (x, n) such that rkx � cosh0n
and jrkxj2� sin2 h0. The quantity jrx(x)j is the ratio of the local layer
spacing to that of the bulk at x, [7]. A uniform state has no variation
and as such jrxj � 1.

A bent core liquid crystal that energetically prefers an angle
0< ja0j< p, ja0j 6¼ p

2 in the bulk is labeled SmCG, [8]. This preference
is a result of the molecular atomic structure and the geometry of
molecular packing and is reflected in the free energy by the chiral
energy density

fCh ¼ jq8ððrx� n � pÞ2ðrx � nÞ2 � x2o jrxj4Þ2

where j> 0 and v0¼ sin h0 cos h0 cos a0, [8]. We set fSm¼ fCLþ fCh as the
smectic energy density and

FSm ¼
Z
X
fSm

as the smectic free energy per unit length.
The elastic energy density accounts for steric molecular interactions

not associated with layer formation. The density is given in terms of
distortions of the fields n and p by a one constant Frank-Oseen energy
density,

fF ¼ Kðjrnj2 þ jrpj2Þ where K > 0

Stability of B7 Fibers 5/[1139]
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and we set

FF ¼
Z
X
fF:

The core is assumed to be isotropic and is modeled by a constant bulk
energy density b¼ b(K, a?) such that the core free energy is

FC ¼
Z
X0

b ¼ bjX0j:

Linear divergence of p contributes to the free energy through elastic
and electrostatic interactions. The field p tends to splay in an effort
to maximize molecular packing. In addition the energy due to electro-
static repulsion manifests itself as splay in the macroscopic polariza-
tion P¼P0p where P0¼ const. We write fp¼ cp div p where cp:¼
c0 þ c00 P0 to account for both contributions and set

FP ¼
Z
X
fP:

The diverging spontaneous polarization induces an electric field E¼�4

U (x1, x2). In addition free charges collect on C1 that suppress the
field outside of the fiber, so that U¼ 0 in

Pc. Gauss’s law then reads

e0�eeDU ¼ divðPvXÞ in R;
U ¼ 0 on dR;

�
ð1:1Þ

where e0> 0 is the dielectric permittivity of free space, �ee > 0 is the
relative dielectric constant for the liquid crystal, and vX is the charac-
teristic function for X. Here P is set equal 0 in �XX

c
. The energy density

for these interactions is then

fEl ¼
e0�ee
2

jEj2 � P � E ¼ e0�ee
2

jrUj2 þ P � rU inR

Using (1.1) then we can write

FEl ¼
Z
R
fEl ¼ 3

e0�ee
2

Z
R
jrUj2 ¼ e

Z
R
jrUj2

where e :¼ 3e0e
2 .
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The energy required to create the interfaces at C0 and C1 is taken as

FSu ¼
Z
C0

r0 þ
Z
C1

r1 ¼ r0jC0j þ r1jC1j

where r0, r1> 0 are constants.
Set

A :¼fðx; n; pÞ : x 2 W2;2ðXÞ such that

x ¼ 0 on C1 and x ¼ const: � 0 on C0

n; p 2 W1;2ðX;S2Þ such that ðn � pÞ ¼ 0 in Xg

here Wk,2(X) has square integrable derivatives up to order k. We have

Theorem 1. There exists a minimizer for F in A.

Given X the liquid crystalline structure of the fiber is determined by
the triple (x, n, p) 2 A. Our problem is to investigate the stability of
equilibria for F first with respect to (x, n, p)2A (X) and then with
respect to variations of the cross-section X. This is highly complex
and we instead study a limiting case that reduces the number of
unknowns but retains enough of the physics to investigate the stabi-
lity of circular fibers.

THE LIMITING MODEL

We set F :¼Fq. The smectic layer thickness is very small relative to
the fiber’s diameter and this motivates the limiting problem obtained
by sending q!1. In general, if C1 and C0 are unrelated then these
energies would diverge; singularities would form in the layers near
the boundary as q!1. For our case however the boundary is free,
layer formation is promoted and the limit should be well defined. We
form a limiting problem on a class of competing domains near circular
cross-sections.

Set T ¼ R=2pZ. Let C1 be described by a 2p periodic polar curve
q ¼ q1ðcÞ > 0 of class C3ðTÞ;C1 : ~xxðcÞ ¼ ðq1ðcÞ cos c; q1ðcÞ sin cÞ: We label

‘ ¼ ðq21 þ q1
02Þ1=2 ¼ j~xxðcÞj; t ¼ ~xx0=‘; n ¼ ðt2;�t1Þ

where t is a unit tangent and n is the exterior normal to
P

at C1.

Stability of B7 Fibers 7/[1141]
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Definition. An annular domain, X is ruled if there is a 2p periodic
function d0(c) > 0 of class C2ðTÞ so that the parameterizations

xðc; sÞ ¼ �snðcÞ þ ~xxðcÞ ð2:1Þ

for c 2 T; 0 � s � d0ðcÞ is a diffeomorphism onto �XX:

A ruled annular domain is depicted in Figure 4. Note that this
notion is open, in that if a second region, X

0
is sufficiently close to a

ruled annular domain X (i.e., C0
1 is of class C3 and @X0 is close to @X

in C2) then X0 is ruled as well. We are particularly interested in the
case where X0 is a perturbation of a circular annulus BrnBr0, with d0

close to r� r0 and q1 close to r.
Set

A1 :¼fðx; n; pÞ 2 A : jr?xj2 ¼ sin2 h0;rkx ¼ cos h0n;

andðn�rx � pÞ2 cos2 h0 ¼ v20 almost everywhere in Xg;

and define

F1ðx; n; pÞ :¼
Z
X
a?ðdivðr?xÞÞ2 þ FC þ FF þ FP þ FEl þ FSu

for (x, n, p) 2 A1.

We have

Theorem 2. Let X be a ruled annular domain with do¼ const. Then
there exists ð�xx; �nn; �ppÞ 2A1 so that

FIGURE 4 Coordinates for X.
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F1ð�xx; �nn; �ppÞ ¼ lim
q�!1

ðinf
A

F qÞ ¼ inf
A1

F1:

Moreover �xxðx1; x2Þ ¼ �dist:ððx1; x2Þ;C1Þ; and for a subsequence minimi-
zers for the q-problem, ðxqi; nqi; pqiÞ�!ð�xx; �nn; �ppÞ as qi �!1.

It follows that we can investigate the stability of a circular fiber
with cross-section BrnBro and a class of perturbed domains X using
the limiting energy F1 and A 1. The limiting problem is stiffer. The
tilt angles h0 and a0 are fixed as well as the layer structure. One can
see the stiffness in the fields n and p as well. We have that {n(c),
t(c), ex3

} is an orthonormal frame for X following the parameterizations
(2.1). In terms of this frame we write

n ¼ n1nþ n2tþ n3ex3;

where

½n1;n2;n3� ¼ ½cos h0; sin h0 cos/; sin h0 sin/�:

The polarization p satisfies pin, p ? n,

p ¼ p1nþ p2tþ p3ex3

where

½p1;p2;p3� ¼½sin a0 sin h0;� cos a0 sin/� sin a0 cos h0 cos/;

cos a0 cos/� sin a0 cos/0 sin/�:

Thus n¼n(/ (x1, x2)), p¼p(/ (x1, x2)) and the analysis becomes much
more tractable. We investigate F1 evaluated at admissible domains
X near BrnBro and fields n(/) and p(/) with / near /0. These are
characterized by triples ðd; q1ðcÞ; ~//ðc;uÞÞ where C1 : q ¼ q1ðcÞ;C0 :
d— level set of dist(x, C1), and /ð~xxðc; sÞÞ ¼ /ðc; s=dÞ such that
~//ðc;uÞ 2 W1;2ðT� ð0; 1ÞÞ: We write

=1ðd; q1; ~//Þ :¼ F1ðx; n; p;XÞ:

We use this to prove (as in [1]) the existence of circular fibers with
radially constant fields. This done by minimizing = with respect to
constant d; q1; and ~//. Moreover we show that these are equilibria with
respect to general variations.

Stability of B7 Fibers 9/[1143]
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Theorem 3. Let 0�/0< 2p minimize ðn2
2 þ p2

2Þð/Þ and assume that
r0þ cPp1< 0. Then there exist unique 0 < �dd < �rr such that ð �dd; �rr;/0Þ
minimizes = among all constant states. Moreover this is an equilibrium
for = with respect to general variations ðd; q1ðcÞ; ~//ðc;uÞÞ near ð �dd; �rr;/0Þ.

This determines a circular fiber with radius �rr and core radius �rr� �dd.
The condition r0 þcpp1 < 0 ensure there is sufficient polar splay to
balance the other terms in the energy that favor shrinking the
cross-section. The main reason for forming the limiting energy is that
we can explicitly calculate its second variation at ð �dd; �rr;/0Þ with respect
to general variations ð �ddþ eh; �rrþ egðcÞ;/0 þ egðc;uÞÞ;

D2=ð �dd; �rr;/0Þ½h; g; g� :¼
d2=
de2

ð �ddþ eh; �rrþ eg;/0 þ egÞ at e ¼ 0:

The elasticity constants a? and K are much smaller than the other
coefficients. As such we examine the case where both are small. We
show however that the relative sizes of a? and K are particularly
relevant. We prove in the case where a? and K are proportional and
small that the circular configurations are stable with respect varia-
tions. We then consider a case where K is much smaller than a? and
find instances where the circular configuration becomes unstable with
respect to variations having small modulations.

Theorem 4. Let m > 0 and assume that l�1K � a? � lK: Then there is
a d > 0 such that if a? þ K < d then

D2=ð �dd; �rr;/0Þ½h; g; g� � 0 for all admissible ðh; g; gÞ:

Theorem 5. Assume h0 6¼ h0 6¼ p=2. Let s be such that 0< s < 1 and
b ¼ ða? þ KÞ�s. If K � dða?Þ2�s for some d> 0. Then there exist g and g
such that D2=ð �dd; �rr;/0Þ½0; g; g� < 0:

The perturbations g and g used in the theorem have oscillations,
showing that a fiber with surface undulations and a polarization
field with modulations in the layer plane has less energy than the
circular fiber with cylindrically constant fields. Physically plausible
values for the coefficients are a? ¼ 10�9N, K ¼ 10�11N, and b ¼ 107.
The conditions above are consistent with these values if we take
s ¼ 7

9 :
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CONCLUSIONS

In this article we generalize a model by Bailey et al [1] for cylindrical
fibers to include smectic layer energy and general cross-sections. We
then derive a limiting model freezing both molecular tilt angles (leav-
ing the fields n and p with one degree of freedom) and layer thickness.
Using the limiting energy we are able to show that circular fibers are
stable if the layer bending constant a? / K, the Frank constant. If K is
much smaller than a? we show that circular fibers are unstable with
respect to variations having surface undulations and modulations in
the layer–plane component of the polarization.
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[3] Jàkli, A., Krüerke, D., & Nair, G. G. (2003). Liquid Crystal Fibers of Bent-Core Mole-
cules. Phys. Rev. E, 67, 051702.

[4] Nemes, A., Eremin, A., Stannarius, R., Schultz, M., Nàdasi, H., & Weissflog, W.
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